Abstract: Let A(G) be the adjacency matrix of a graph G with λ 1
Introduction
All graphs considered here are finite, simple and connected. Undefined terminology and notation may be referred to [1] . Let G = (V G , E G ) be a simple undirected graph with n vertices. G − v, G − uv denote the graph obtained from G by deleting vertex v ∈ V G , or edge uv ∈ E G , respectively (this notation is naturally extended if more than one vertex or edge is deleted). Similarly, G + uv is obtained from G by adding an edge uv ∈ E G . For v ∈ V G , let N G (v) (or N (v) for short) denote the set of all the adjacent vertices of v in G and d G (v) = |N G (v)|, and dist G (u, v) is the distance between u and v. For an edge subset E ′ of G, denoted by G[E ′ ] the subgraph induced by E ′ . A cut edge in a connected graph G is an edge whose deletion breaks the graph into two components. Let G k n be the set of all n-vertex graphs, each of which contains k cut edges.
Let A(G) be the adjacency matrix of a graph G with λ 1 (G), λ 2 (G), . . . , λ n (G) being its eigenvalues in non-increasing order. The number n i=1 λ k i (G) (k = 0, 1, . . . , n − 1) is called the kth spectral moment of G, denoted by S k (G). Let S(G) = (S 0 (G), S 1 (G), . . . , S n−1 (G)) be the sequence of spectral moments of G. For two graphs G 1 , G 2 , we shall write G 1 = s G 2 if S i (G 1 ) = S i (G 2 ) for i = 0, 1, . . . , n − 1.
an S-order, among all n-vertex trees of diameter d (4 ≤ d ≤ n − 3). Pan et al. [10] identified the last and the second last graphs, in an S-order, of quasi-trees. Hu, Li and Zhang [8] studied the spectral moments of graphs with given clique number and chromatic number, respectively. Li and Song [9] identified the last n-vertex tree with a given degree sequence in an S-order. Consequently, the last trees in an S-order in the sets of all trees of order n with the largest degree, the leaves number, the independence number and the matching number was also determined, respectively.
In light of the information available from the related results on the spectral moments of graphs, it is natural to consider this problem on some other class of graphs, and the connected graphs with k cut edges are a reasonable starting point for such a investigation. The n-vertex connected graphs with k cut edges have been considered in different fields [7, 14, 15, 16] , whereas to our best knowledge, the spectral moments of graphs in G k n were, so far, not considered. Here, we identified the first, the second, the last and the second last graphs, in an S-order, among G k n , respectively. Throughout the text we denote by P n , K 1,n−1 , C n and K n the path, star, cycle and complete graph on n vertices, respectively. Let K * 1,n−1 be a graph obtained from a star K 1,n−1 by attaching a leaf to one leaf of K 1,n−1 , U n be a graph obtained from C n−1 by attaching a leaf to one vertex of C n−1 , and B 4 , B 5 be two graphs obtained from two cycle C 3 , C ′ 3 of length 3 by identifying one edge of C 3 with one edge of C ′ 3 and identifying one vertex of C 3 with one vertex of C ′ 3 , respectively; see Fig. 1 .
The graph K k n is an n-vertex graph obtained by attaching k pendant vertices to one vertex of K n−k . The graph P k n is a graph obtained by identifying one end-vertex of P k+1 with one vertex of C n−k . For example, for n = 6, K Fig. 1 .
Let F be a graph. An F -subgraph of G is a subgraph of G which is isomorphic to the graph F . Let φ G (F ) (or φ(F )) be the number of all F -subgraph of G. Lemma 1.1. (see [3] ) The kth spectral moment of G is equal to the number of closed walks of length k. Lemma 1.2. For every graph G, we have [2] ).
Lemma 1.3 ([3]
). Given a connected graph G, S 0 (G) = n, S 1 (G) = l, S 2 (G) = 2m, S 3 (G) = 6t, where n, l, m, t denote the number of vertices, the number of loops, the number of edges and the number of triangles contained in G, respectively.
Lemma 1.4 ([6]).
In an S-order of the n-vertex unicyclic graphs with girth g, the first graph is U g n which is obtained by the coalescence of a cycle C g with a path P n−g+1 at one of its end-vertices.
2. The last and the second last graphs in an S-order among G k n
In this section, we will determine the last two graphs, in an S-order, among G k n . Let E = {e 1 , e 2 , . . . , e k } be the set of the cut edges of G ∈ G k n . Note that S 2 (G) = 2|E G |, hence S 2 (G + e) > S 2 (G). By Lemma 1.3, in order to determine the last graph in an S-order among G Proof. If k = 0, then by Assumption 0 we have G 0 n = {K n }, our result holds immediately. Therefore we may assume that k ≥ 1. Again by Assumption 0, we can denote the components of G − E by
Let V i = {v ∈ V Ka i : v is an end-vertex of a cut edge of G}. Choose G ∈ G k n such that G is as large as possible under the order s . In order to complete the proof, it suffices to show the following facts. Proof. Suppose to the contrary that there exists i ∈ {0, 1, 2, . . . , k} such that |V i | > 1. Let u, u ′ ∈ V ai , both u and u ′ are end-vertices of the cut edges of G. Denote N G (u)\N Ka i (u) = {w 1 , w 2 , . . . , w s } and
By Fact 1, we can assume that
Proof. If not, then there exists a cut edge u 0 u i ∈ E such that u i is an end-vertex of another cut edge(s).
It is straightforward to check that l ≥ 1 and s ≥ 0. First consider that s ≥ 1. In this case, let
It is easy to see that
Now consider that s = 0. In this case, there exists a cut edge u i u j ∈ E such that u j is an end-vertex
It is straightforward to check that p ≥ 1.
The last inequality follows from a i ≤ a 0 , a j ≤ a 0 and pl > 0. Hence, we obtain that
By Fact 2, we can assume that
Proof. Assume to the contrary that there exists a j ∈ {1, 2, . . . , k} such that a j > 1. By Fact 2, we have
i.e., G ≺ s G * , a contradiction. Therefore a j = 1 for j = 1, 2, . . . , k.
In the view of Fact 3, we have
In the rest of this section, we are to determine last graph in an S-order among G k n \K k n . Delete an edge, say xy, from K n and denote the resultant graph by G 1 . Let G 2 be a graph obtained from G 1 by attaching a pendant vertex to one vertex, say r, of G 1 with r = x, y. Let
where uw is a cut edge and u, v are two different vertices in V K n−k .
Based on Lemma 1.3, it is easy to see that among G 0 n , K n (resp. G 1 ) is the last (resp. the second last) graph in an S-order, while among G 1 n with n ≥ 5, based on S 2 (G), the second last graph in an S-order must be a graph obtained from K 1 n by deleting a non-cut edge, say e, from K 1 n . Denote the resultant graph by G
′ if e has a common vertex with the cut edge in K 1 n and by G 2 otherwise. Note that
In what follows we only consider k ≥ 2.
Theorem 2.2. Among G k n with 2 ≤ k ≤ n − 1, the second last graph in an S-order is obtained uniquely at G 3 if k ∈ {2, 3, . . . , n − 2} and at K * 1,n−1 otherwise, where G 3 is defined as above.
Proof. Choose G ∈ G k n \ {K k n } such that it is as large as possible according to s . Denote the components of G − E by U 0 , U 1 , U 2 , . . . , U k . We are to show that each of the components is a complete graph. In fact, if there exists a U i which is not a complete graph, i.e., U i contains two vertices x, y satisfying xy ∈ E Ui .
then either x or y is not an end-vertex of a cut edge of G. Without loss of generality, assume that x is not an end-vertex of a cut edge of G, delete a cut edge of G ′ and connect the isolated vertex with x by an edge; denote the resultant graph by G ′′ . Then we have
If a 0 = 1, then G is an n-vertex tree. By [13, Theorems 3.3 and 3.8], we know the second last tree in an S-order among n-vertex trees is just K * 1,n−1 . It is easy to see that a 0 = 2, hence in what follows we consider a 0 ≥ 3.
Let V i = {v ∈ V Ka i : v is an end-vertex of a cut edge of G}. In order to complete the proof, it suffices to show the following facts.
Proof. We prove Fact 1 by contradiction. If
otherwise, a 1 = 2, which implies that G contains at least k + 1 cut edges, a contradiction. If a 1 > 3, we consider graph
If a 2 > 1, we consider graph
contradiction. Therefore, a 2 = 1, whence a 3 = · · · = a k = 1. Together with a 1 = 3, we have a 0 = n−k−2.
That is to say,
it is easy to see that
n . Now we consider the case G ∈ K k n . It is easy to see that the edge induced graph G[E] is a tree which is not isomorphic to
where
, hence by Lemma 1.2(i) we have 
If there exists
(u i ) − 2 pendant edges to u 0 and denote the resultant graph by G ′ . It is easy to see that
hence by Lemma 1.2(i) we have
If a 0 > a i or q ≥ 2, in the view of (2.1), we obtain that
If a 0 = a i and q = 1, then it is easy to see G ′ ∼ = G. Hence, in order to complete the proof, it suffices to consider that, in the edge induced graph G[E], each of the non-pendant vertices in
choose u ∈ W such that its unique neighbor in G[E] is a leaf, say u ′ . Let
By a similar discussion as in the proof of Fact 3 in Theorem 2.1, we can obtain that a 0 = n − k, a 1 =
If there is a V i satisfying |V i | ≥ 3, then choose two distinct vertices u
If there exists an i ∈ {1, 2, . . . , k} such that |V i | = 2. Assume, without loss of generality, that
Combining with discussion as above, we obtain that
Proof. By a similar discussion as in the proof of Fact 3 in Theorem 2.1, we can get a 0 = n − k, a 1 = a 2 = · · · = a k = 1. We omit the procedure here.
Proof. Note that if G has just two cut edges, it is easy to see that G ∼ = G 3 defined as above. Hence in what follows we consider that G contains at least three cut edges.
Let
Without loss of generality, assume that m ≥ t. Obviously, t ≥ 1. At first we show that t = 1. Otherwise, let
, and
Now we are to show that m = k − 1. If not, there exists a vertex u ∈ {u 1 , u 2 , . . . , u m , u
The last inequality follows by a i = 1 < n − k = a 0 (by fact 2), and m ≥ 1, s ≥ 1. Hence, we get
, which is equivalent to that
This completes the proof.
3. The first and the second graphs in an S-order among G k n
In this section, we are to determine the first and the second graphs in an S-order among G k n . Let E = {e 1 , e 2 , . . . , e k } be the set of all the cut edges of G ∈ G k n . Note that if we delete an edge, say e, from a connected graph G, then in the view of S 2 (G) = 2|E G |, we have S 2 (G) > S 2 (G − e). In order to determine the first graph in an S-order among G k n , it suffices to choose the graph such that its size is as small as possible.
Theorem 3.1. Of all the connected graphs with n vertices and k cut edges, the first graph in an S-order is obtained uniquely at P k n .
Proof. Choose G ∈ G k n such that it is as small as possible according to the relation s . If k = 0, then it is easy to see that G ∼ = C n and our result holds immediately. Therefore we may assume that k ≥ 1. We show the following claim at first. Figure 2 : Graphs used in the proof of Claim 1.
of the above cases one has
. . v j−1 such that C l connects C j by a path P i , i ≥ 2, whose end vertices are u 0 , v 1 , and the vertex, say u t (resp. v m ), on the cycle C l (resp.
Therefore, G contains exactly one cycle.
By Claim 1, we know that G is a unicyclic graph. Note that G contains exactly k cut edges, hence G is an n-vertex unicyclic graph with girth n − k. By Lemma 1.4 the first graph in an S-order among the n-vertex unicyclic graph with girth n − k is just the graph P k n , as desired.
At the rest of this section, we are to determine the second graph in an S-order among G k n (k ≥ 3).
Theorem 3.2. Of all graphs with n vertices and k cut edges, the second graph in an S-order is obtained uniquely atÛ Proof. Note that if we delete an edge e from a connected graph G, then in the view of S 2 (G) = 2|E G |, we have S 2 (G) > S 2 (G − e), hence in order to determine the second graph in an S-order among G k n , it suffices to determine the second graph in an S-order among the set of all n-vertex unicyclic graphs with girth n − k; we denote this set by U k n . Choose G ∈ U k n \ {P k n } such that it is as small as possible with respect to s . Note that E is the set of k cut edges of G, hence G[E] is a forest. We are to show that G[E] is a tree. If this is not true, then it is equivalent to that there exist at least two vertices, say u 0 , v 0 , on the unique cycle contained in G
In the edge induced graph G[E], consider the tree, say T 1 , containing u 0 . We are to show that T 1 is a path; otherwise, choose a longest path
Hence, we obtain that each vertex u i on P is of degree 2 in G for i = 1, 2, . . . , p − 1. Hence, if d G (u 0 ) = 3, then T 1 is a path, as desired. If
such that x is not on the cycle and the path P contained in G.
Notice that S i (G) = S i (G * ) for i = 0, 1, 2, 3, φ G (P 2 ) = φ G * (P 2 ), φ G (C 4 ) = φ G * (C 4 ) and φ G (P 3 ) − φ G * (P 3 ) ≥ 2, by Lemma 1.2(i), we get S 4 (G) − S 4 (G * ) > 0, i,e., G * ≺ s G, a contradiction. By a similar discussion as above, we can also show that, in G[E], the component contains v 0 is also a path, say P ′ . For convenience, let v • k ≥ 4. Note that φ G (P 2 ) = φ G * (P 2 ), φ G (C 4 ) = φ G * (C 4 ), φ G (P 3 ) = φ G * (P 3 ), φ G (K 1,3 ) = φ G * (K 1,3 ),
, φ G (C 6 ) = φ G * (C 6 ) and φ G (P 4 ) − φ G * (P 4 ) ≥ 1, hence by Lemma 1.2, 1.3, we get that S i (G) = S i (G * ) for i = 0, 1, 2, 3, 4, 5 and S 6 (G) − S 6 (G * ) > 0, i.e., G * ≺ s G, a contradiction.
Therefore, we obtain that G[E] is a tree. That is to say, there exists just one vertex, say u 0 , on the unique cycle such that d G (u 0 ) ≥ 3. Choose one of the longest paths, say P := u 0 u 1 . . . u p , from G[E]. It is easy to see that u p is a leaf of G. Furthermore, we have the following claim.
Claim 2. The length of P is k − 1, i.e., P := u 0 u 1 . . . u k−2 u k−1 and G[E] is obtained from P by attaching a leaf to u k−2 of P .
